Abstract. A definition for ribbon n-knot is given which reduces to the previously studied definitions for n = 1 and n = 2. It is shown that for each n > 2 there is a slice n-knot which is not a ribbon n-knot.
acknowledged.
2. Definitions and preliminary results. The definitions are given here in the smooth category, although they, and the results which follow, can be easily adjusted for the locally flat PL case. Let n > 1. An n-knot, K = (Sn+2,fSn), is a smooth oriented (n + 2, n)-sphere pair, i.e., fS" is a smooth submanifold of S"+2 and/is a homeomorphism of S" onto the submanifold. The exterior of an n-knot (Sn+2,fSn) is the compact manifold with boundary obtained by removing an open tubular neighborhood of fS" from Sn+2. Note that by Alexander duality, the exterior of a knot is a homology Sx.
A ribbon n-knot A = (Sn+2, fS") is an «-knot such that fS" bounds an immersed (« 4-l)-disk in Sn+2, all the singularities of which are of the type depicted in Figure 1 . More precisely, there must be an immersion «: Dn+I -> S"+2 such that h\dD"+i =/, and such that the singular set of « is a finite disjoint union of «-disks U {At,Bt\\ </ <m) GDn + x, where for each /, A¡ G Dn+X is proper, F, c int(D"+x), h(A¡) = h(B¡), and h~x(h(A¡)) = A¡ u B¡. This definition is valid for any « > 1, and agrees with the previously studied definitions of Fox [F2] and Yanagawa [Yan] for « = 1 and « = 2, respectively.
The lemma which follows will be applied to knot cobordism exteriors ( §3). The lemma itself, however, applies in a more general setting, which is developed here.
Let A be a finite CW complex of dimension «4-1, and suppose there is an epimorphism <b: 7r,(A) ->-> Z. Let X denote the covering space of A which corresponds to ker <p, and let t be a generator of the infinite cyclic group of covering transformations.
Following Milnor [M] and Levine [L] , the rational chain groups C?(A; Q) are finitely generated over the ring r = Q[t, t~x] (the rational group ring of the group of covering transformations), the generators being in one-to-one correspondence with the ç-cells of A. Since T is Noetherian, the homology H*(X; Q) is a finitely generated T-module. But in fact, T is a principal ideal domain, so the theory of finitely generated modules over a principal ideal domain can be employed to aid in the analysis.
As in Milnor [M] , the short exact sequence Proof, (i) By assumption, Hn+x(X; Q) = 0, so t -1: Hn+x(X; Q)-> Hn+x(X; Q) is an epimorphism (in fact, an isomorphism). Thus, / -1 divides every element in Hn+x(X; Q), which shows Hn+x(X; Q) is a torsion T-module.
On the other hand, since Cn+2(X; Q) = 0, Hn+x(X; Q) = Zn+x(X; Q) (the module of n-cycles). And since T is a PID, Zn+x(X; Q) is a free T-module. Thus, Hn+x(X; Q) = 0, since it is both torsion and free. Applying the Universal Coefficient Theorem to H"+X(X; Q), we see that 0= H"+X(X; Z)®ZQ. Thus, Hn+x(X; Z) is a torsion Z-module. But, as before, Hn+x(X; Z) is also a free Z-module. Thus, Hn+x(X; Z) = 0, as desired.
(ii) Let A = Z[t, t~x], the integral group ring of the covering transformation group, and let Tn denote the A-submodule of Hn(X; Z) consisting of all Z-torsion elements.
By Lemma II.8 in Kervaire [K] , we can conclude that Tn_x is a finite A-module from the assumption that (t-l),:Hn(X;Q)^Hn(X;Q) is an epimorphism. Now, multiplication induces an automorphism on Tn, so there is some positive integer p such that tp induces the identity automorphism.
To exploit this observation, let X denote the /»-fold cyclic covering of X. From Shinohara and Sumners [SS] , we have the following long exact sequence which relates the homology of Xp to that of X: ->Hn+x(X; Z)^Hn+x(Xp; Z)Xh"(X; zf'^'Hn_x(X; Z)--• • . Now, Tn E Yer((t" -l)m) = im 3. But Hn+x(X; Z) = 0 by assumption, so Hn+x(Xp; Z) sä8im 3. Thus Tn is embedded as a submodule of Hn+x(Xp; Z). However, since Xp has dimension n + 1, Hn+x(Xp; Z) is a free Z-module.
Thus, T" = 0, i.e., H"(X; Z) is Z-torsion free. □ Corollary 2. If X is a homology S ' which is homotopy equivalent to a finite CW complex of dimension n + I (n > I), then H"(X; Z) is Z-torsion free.
Proof. Let « > 1. Since A is a homology S ', it follows from the long exact sequence (1) that the homomorphism (/-l)t:Hn(X;Q)^H"(X;Q)
is an epimorphism. The conclusion then follows from the lemma. □ Remark. Let (Sn+2,fSn) be an «-knot (n > 1), and let A denote its exterior. Since A is an (« 4-2)-manifold with nonempty boundary, it can be collapsed away from its boundary onto a finite (« 4-l)-complex. By the lemma, then, Hn(X; Z) is Z-torsion free.
3. Handle decompositions of null-cobordisms. Two «-knots, (Sn+2,fxS") and (Sn+2,f2S"), are cobordant if there is a smooth oriented proper submanifold w of Sn+2 X I, with dw = (fxS" X 0)u(-f2Sn X 1)
where w is homeomorphic to S" X I and where -f2S" denotes the embedding obtained from f2: S" ^> Sn+2 by reversing the orientations on both S" and Sn+2. The pair (S"+2 X I, w) is called a knot cobordism. A knot is null-cobordant, or slice, if it is cobordant to the unknot. By the exterior of a knot cobordism (Sn+2 X I, w), we mean the manifold W = S"+2 X / -v(w) where v(w) is an open tubular neighborhood of w in Sn+2 X I. Note that knot cobordism exteriors are homology 1-spheres. Also, the exterior of a knot cobordism is a cobordism with boundary (in the usual, absolute, sense) between the exteriors of the two cobordant knots. As such, W has a handle decomposition built up from either of the knot exteriors.
The following theorem will be used in §4 to show that certain slice knots are nonribbon.
Theorem 3. Let X denote the infinite cyclic covering of the slice knot K. If, for some q, Hq(X; Z) has Z-torsion, then any handle decomposition of any null-cobordism of K built from the unknotted end has either a (q + 2)-handle or an (n -q 4-2)-handle.
Proof. We will prove the contrapositive of the theorem. Let W, X, and U denote the exteriors of the cobordism, the knot A, and the unknot, respectively. Suppose the negation of the conclusion, i.e., that there is some handle decomposition of W of the form W = U X I u {«/|1 < i < n + 2, i ^ q + 2, i =£ n -q + 2,j G A¡) (2) where hj denotes a handle of index i and A¡ is a finite indexing set.
Since handles are simply connected, they lift to any covering space to induce a handle structure, so W at U X I u {K\i + q + 2, i ¥= n -q + 2, a G B¡} (2) and (3), respectively. The contrapositive will be proven, first by applying Corollary 2 to W + x and using the assumption of no (q 4-2)-handle to show that Hq(W; Z) is torsion free, and then by using the assumption of no (« -q 4-2)-handle to conclude Hq(X) is torsion free.
To apply the corollary, note that Wq+X is homotopy equivalent to a finite (q + l)-dimensional CW complex. Furthermore, since W is obtained from Combining the above theorem with Theorem 3, we have Theorem 5. If X denotes the infinite cyclic covering of the exterior of an n-knot, K,for which Hq(X; Z) has Z-torsion for some q in the range 1 < q < « -1, then A is not a ribbon knot.
Remarks. (1) The theorem is meaningful only if n > 2.
(2) In case « = 2, any 2-knot A for which HX(X; Z) has Z-torsion is a slice knot (Kervaire [K] ) which is not a ribbon knot. If we take A to be Fox's Example 12, since HX(X; Z) at Z/(3), then A is a slice 2-knot which is not a ribbon 2-knot. Thus, Yanagawa's result is obtained as a special case of the theorem.
(3) Other slice 2-knots which are nonribbon can be obtained by twist-spinning (see [Z] ) certain classical knots. For example, let A be any 2-bridge knot.
Schubert [Sc, Satz 6] has shown that the 2-fold branched cover of any 2-bridge knot, A, is a lens space, say L(p, q (4) Similarly, by calculating the homology of the A-fold branched covers of the trefoil, one sees that for the A-twist-spin of the trefoil k= ±2 (mod 6), Z/ (2) if k = 3 (mod 6).
To obtain higher dimensional examples of slice knots which are not ribbon knots, we will p-spin the 2-knot examples. The p-spin of an n-knot K (p > 0, n > 1) is defined as op(K) = d(K X Dp+X) where K is the disk pair associated with K obtained by removing the interior of an unknotted disk pair from K. Note that op(K) is a slice (n + p)-V.not.
In [ Using Sumners' theorem, we have the following Theorem 6. Let K be an n-knot for which Hq(X; Z) has Z-torsion for some q in the range I < q < n -1. Then for any p > 0, op(K) is a slice knot which is not a ribbon knot.
Proof. Let Y denote the exterior of op (K) . By Theorem 6, H ( Y) contains Hq(X) as a A-submodule. Thus, Hq( Y) has Z-torsion, and op(K) is nonribbon by Theorem 5. □ Corollary 7. For each n > 2, there is a slice n-knot which is not a ribbon n-knot.
